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1. Introduction

AYLOR-COUETTE flow (TCF) has been a cornerstone of

concepts of hydrodynamic stability and origins of turbulence in
fluid physics and also of great importance in various fields of
engineering. Since Taylor’s pioneering work in 1923 [1], numerous
related studies have been conducted and extensive reviews of this
flow problem can be found in [2—6]. In the mid-1900s, the stability of
a viscous flow within the annulus of a rotating inner cylinder and a
stationary, eccentrically arranged outer cylinder was first considered
experimentally and theoretically. By displacing the axes of the inner
and outer cylinders away from each other while maintaining the same
basic geometry, the rotation of the inner cylinder gives rise to a
varying, circumferential pressure gradient. This results in a
combined Couette and pressure flow around the inner cylinder that
modifies the conventional TCF problem significantly.
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Akin to the concentric case, eccentric TCF also undergoes
transition from circular Couette flow (CCF) to Taylor vortex flow
(TVF) as instability sets in with increasing Reynolds number (Re).
TVF is brought about by the action of centrifugal forces which cause
the development of a secondary circulatory flow pattern in the form
of toroidal vortices spaced periodically in the axial direction. The
development of these vortices leads to increased frictional losses and
load capacity and hence, it is of significant importance to identify the
transition point at various eccentricities.

Cole [7,8] pioneered the study of eccentric TCF by determining
the critical Taylor number (T'a,) at the onset of instability using
torque measurement for eight radius ratios between 0.630 and 0.954
at various eccentricities. In his study, T'a, was found to increase
substantially with eccentricity and he concluded that eccentricity was
a stabilizing factor in TCF. His finding was supported by subsequent
experimental studies [9,10] as well as theoretical studies [11-14].

In another paper, Castle and Mobbs [15] described the presence of
two stages of instability during transition to TVF for eccentric
cylinders. The onset of the “first instability”” was found to occur at
Ta. smaller than that of the concentric case up to eccentricity of 0.4.
Thereafter, Ta. rose substantially above the initial value. A similar
trend was also described in [16,17]. On the other hand, Ta,
corresponding to the onset of the “second instability” indicated a
stabilizing effect of eccentricity similar to the conclusion made by
Cole [7,8] and more recently by Xiao et al. [18].

In their theoretical analysis of eccentric Taylor—Couette flows,
Eagle et al. [13] derived a mathematical expression Ta.=
1694.97(1 + 1.16188)(1 + 2.6185¢?) which relates the onset of
Taylor vortices or critical Taylor number (7'a,.) to the eccentricity (&)
and clearance ratio (§) between the inner and outer cylinders. The
equation is based on the assumption of small eccentricity and
clearance ratio, and compares favorably with the experiments
[9,15,19] up to e~ 0.4, but deviates significantly at high
eccentricity. In terms of Reynolds number, the above equation can
also be expressed as

Re,
=1+ 2.6185¢2
ReCO

The present study is motivated by the lack of agreement between the
theory and experiment at high eccentricity, and the aim here is to
determine experimentally an alternative expression that will give a
more realistic representation of the effect of eccentricity on the onset
of Taylor vortices. As far as we are aware, this equation currently
does not exist and will provide a useful means of evaluating the
critical Reynolds numbers more effectively for a much wider range
of eccentricity.

II. Experimental Setup

The present experiments were performed using a rheometer (an
instrument which is commonly used to measure rheological
properties of fluids) and a modified version of the apparatus used by
Lim and Tan [20] to study torque characteristics of the Taylor—
Couette flow between two concentric cylinders. A schematic
drawing of the experimental apparatus using a HAAKE
RS75 rheometer is shown in Fig. 1 and only the essential features
will be described here. The base support has a base diameter of
48 mm that matches the diameter of the mounting hole of the
measurement table of the rheometer. The diameter at the top of the
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Rheometer (Haake RS 75)

Fig. 1 A schematic drawing of the experimental apparatus using a
Haake RS 75 Rheometer. 1: Cone; 2: air bearing and load cell; 3: inner
cylinder; 4: outer cylinder; 5: base disk; 6: base support: 7: movable
support; 8: syringe; 9: fastener; 10: precision bearing; 11: flourescent
lightingsl L = liquid level.

base support is increased to 65 mm so that the apparatus, when
assembled, is fixed firmly on the top of the measurement table. It has
a circular protrusion with a diameter of 13 mm and a height of 4 mm
located centrally on the top surface. A precision ball bearing is
inserted into the circular protrusion to provide support for the inner
cylinder and at the same time allows the inner cylinder to rotate with
minimal friction. The base support also has a small opening at the
bottom where the working solution is introduced into the annulus by
means of a syringe when the parts are fully assembled. This
technique prevents any air bubbles from getting trapped underneath
the inner cylinder which may lead to erroneous results and also
allows an accurate control of the height of the fluid column.

The base disk has a hole with a diameter of 13 mm which allows it
to slide fit onto the circular protrusion located on the top of the base
support. When attached together, the upper surfaces of the disk and
the circular protrusion are flushed. The purpose of the base disk is to
alter the alignment of the axes of the inner and the outer cylinder to
obtain the required eccentricity in the experiment. This is achieved
by varying the distance between the center of the hole and the center
of the disk.

Three outer cylinders, all fabricated from Plexiglas, were used in
this experiment. They have inner radii (R,) of 16.79 &+ 0.05 mm,
18.84 + 0.05 mm, and 20.98 4 0.05 mm, respectively, and a
common height of 110 mm. The aluminum inner cylinder has a
radius of (R;) 15.11 £ 0.05 mm and height of 95 mm. It is coated
with a thin layer of black paint to achieve better flow visualization
during image recording. The top of the cylinder is reduced to a shaft
with a diameter of 10 mm that has a cone-shaped fitting at its end to
allow the cylinder to be attached rigidly to the drive shaft of the
rheometer. It has a small, conical stud at the bottom that can be
inserted into the precision ball bearing on the base support when
assembled. The purpose of the stud is to ensure that the alignment of
the vertical axes of the inner and the outer cylinders is maintained
consistently. Together with the precision ball bearing, it ensures that
the inner cylinder rotates with minimal friction and lateral oscillation.

The rotational motion of the inner cylinder is driven by an
extremely low inertia torque motor located within the rheometer. The
cylinder is connected to the drive shaft of the motor which is centered
by an air bearing, which ensures a virtually frictionless transmission
of the rotational motion to the inner cylinder. The torque on the inner
cylinder is measured based on the current going into the motor. By
establishing the dependence of the applied current and the resultant

torque, accurate measurement of the torque is achieved. The angular
velocity is measured optically using a line disk connected to the drive
shaft. The disk generates 1 x 10° impulses per revolution. These
impulses are detected and processed by a digital encoder which
enables the rheometer to measure angular velocity at a high degree of
accuracy. The maximum attainable angular velocity of the rheometer
is 57.6 rad/s.

The flow within the annulus is characterized by the following
parameters: 1) the mean radius ratio n = R;/R,, 2) the eccentricity
e = e/d, 3) the Reynolds number Re = R;Q2d /v, and 4) the aspect
ratio I' = H/d. In the present study, the radius ratios (1) of 0.72,
0.80, and 0.90 were considered with the aspect ratios (I") of 15 and
25, and eccentricities (¢) from 0.0 to 0.8, thus giving a total of 36 sets
of results. The choice of the aspect ratio was dictated by the height of
the cylinders, which is constrained by the physical size of the
rheometer. The working solution was a homogeneous mixture of
glycerin, distilled water, and Kalliroscope solution. 40% of glycerin
and 60% of distilled water in weight were first mixed together, before
10% of a Kalliroscope AQ-1000 reflective flakes solution in volume
was added to the mixture for flow visualization purposes. Lim and
Tan [20] were able to achieve good quality flow images using a
similar mixture in their flow visualization studies. Tests conducted
by them using concentration up to 15% in volume of a Kalliroscope
solution showed that the working solution was still Newtonian. The
dynamic viscosity (u) of the working solution was determined to be
3.4 x 1073 kg/ms using the same HAAKE RS75 rheometer and the
double gap cylinder sensor DG41 recommended by the
manufacturer, and the density (p) of the working solution was
measured to be 1086 kg/m? using a density bottle of a known
volume. Thus, the kinematic viscosity (v) of the working solution
was calculated to be about 3.13 x 107® m?/s, which is about
3.13 times higher than that of water.

Torque measurement was carried out using a multistep procedure
provided in the rheometer program. The angular velocity of the inner
cylinder was increased from rest to approximately 57 rad/s in
discrete steps. In addition, the theometer was programmed to collect
a total of 100 data points within this range for each measurement.
Hence, the step increment in angular velocity was approximately
0.57 rad/s. At each data point, the angular velocity of the inner
cylinder, the torque exerted on the inner cylinder, and the time
elapsed after the commencement of the experiment, were recorded
by the rheometer. In addition, all experiments were conducted in an
air-conditioned room with a temperature of approximately 22°C. A
heat circulator was attached to the rheometer to maintain the
temperature of the working fluid at a constant value during the
experiments.

As the angular velocity of the inner cylinder was increased, the
flow within the annulus transited through different states. Concurrent
with the torque measurement, the resulting flow patterns, made
visible by the Kalliroscopic reflective flakes in the working solution,
were captured using a charge-coupled device (CCD) color video
camera and a video cassette recorder (VCR) equipped with a time-
code card and used for subsequently analysis. Simultaneously, the
time elapsed after the start of the experiment was also encrypted
within the super video home system (SVHS) videotapes during
recording using the time-code card installed in the VCR. As
mentioned previously, an identical parameter was also recorded by
the rheometer and they were used jointly to relate the changes in
torque measurements to the changes in flow states.

In the present study, a torque measurement technique [7-10,15]
was initially adopted to determine the critical Reynolds number.
With this technique, the onset of Taylor vortices is explicitly marked
by a sudden increase in the gradient (or “kink”) of the torque-speed
curve. The rotational speed at the kink can then be used to evaluate
the critical Reynolds number. In the course of the experiment, it was
discovered that the kink was not so evident at high eccentricity. The
transition was more gradual which increased the uncertainties in
evaluating the critical Reynolds number. This could explain why
some of the published data in the literature show considerable scatter
at high eccentricities when the torque measurement technique was
used [8-10,15]. In view of this, the flow visualization technique was
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subsequently adopted to identify the critical Reynolds number for all
cases. Here, the flow is deemed critical when the Taylor vortices
filled the entire fluid column as the inner cylinder rotates (see Fig. 2).
The rotational speed of the inner cylinder at this particular instant was
recorded and used to determine the corresponding critical Reynolds
number. This method has been successfully employed in
[10,15,16,19]. Furthermore, our results obtained at low eccentricities
also agree very well with that obtained using torque measurements,
thus verifying the accuracy of the flow visualization technique. For
example, the critical Reynolds numbers (Re,) for the onset of the
Taylor vortices for 17n=0.80, ¢=0.0 obtained using flow
visualization and torque measurement were 93.4 and 95,
respectively. Likewise, for the same radius ratio, the critical
Reynolds numbers for ¢ = 0.1 were, respectively, 103.8 and 104.

III. Results and Discussion

To ascertain the accuracy of the apparatus, experiments were first
conducted for the concentric cylinders (¢ = 0) with n = 0.72, 0.80,
and 0.90, and the critical Reynolds numbers (Re,) for these cases
were 81.8, 93.4, and 121.5, respectively. These results are in good
agreement with the published data [21-23], thus verifying the
accuracy of the present experiment.

For the case of eccentric cylinders, measurements were conducted
for eccentricities ranging from 0.1 to 0.8 for each of the three radius
ratios. Each flow condition was repeated 3 times to ensure
reproducibility of the results. The critical Reynolds number (Re,)
was accurate to 3% at zero eccentricity, but deteriorated to a
maximum of 6% at the largest eccentricity of 0.8. The results when
plotted in nondimensional form with (Re./Re.,)*> —1 versus
eccentricities (¢) is presented in Fig. 3. Previous published
experimental data [7-9,19] are also included for comparison. It can
be seen from the figure that, within the experimental accuracy, our
results exhibit good agreement with the earlier works. Although the
experimental data generally collapse onto a single curve up to
& ~ 0.4, there is a noticeable scatter at higher eccentricity, probably
caused by the increased uncertainty in determining Re, from
different sources. Nevertheless, the “collapse” in the data confirms
the theoretical prediction that Re./Re.,., is independent of the radius
ratio, clearance ratio, and aspect ratio. The trend line shown in the
figure represents the theoretical expression

Re,
e _ /1126185

Re,,

obtained by Eagle et al. [13]. Although the theory agrees very well
with the experiment up to ¢ & 0.4, it breaks down at higher
eccentricity. Using a similar power-law formulation to curve fit the
experimental data in Fig. 3 gives the curve of best fit of

(Rec )2 —1=732.1s5%%
Re,,

or

Re,
2l = 14321859

Recu

However, if the power index of ¢ is rounded up to the same degree of
accuracy as the theoretical value, it leads to

R
e _ 153210

Re,,

To the best of our knowledge, this equation has not been reported
before and is effective in evaluating Re,. up to € ~ 0.8. Although not
presented here, the present study agrees with Koschmieder [19] that
the wavelength of the Taylor vortices (A.) decreases substantially for
e>04.

Fig. 2 Taylor vortices at the critical Reynolds number for 5 = 0.80,
I'=25,e =0.5,and Re, = 1.33Re,,.
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Fig. 3 A plot of (Re,/Re,,)* — 1 versus . A: Present result (3 = 0.72,
§ =0.388, I' = 15); ®: present result (y = 0.80, § = 0.247, ' = 15); H:
present result (y = 0.80,5 = 0.247, " = 25); @: present result (y = 0.90,
§ =0.111, I' =15); <: Koschmieder (1976) (n =0.727, I' =52); A:
Koschmieder (1976) (n = 0.727, I' = 38); [J: Vohr (1968) (n = 0.91,
I' =124); x: Cole (1967) (n = 0.83, I = 54); *: Cole (1969) (n = 0.63,
I' =14); +: Cole (1969) (n = 0.95, I = 115); solid line: empirical and
dash-dotted line: theoretical (based on Re,/Re,, = ~/1 + 2.6185¢2).

IV. Conclusions
In this Technical Note, we show that

Re,
2 _ 143216

Reca

gives a more realistic representation for the onset of Taylor vortices
in an eccentric Taylor—Couette flow than the theoretical expression,

Re,
e _ \/1+ 26185

Re,,

This empirical equation, which has not been reported before,
provides a valuable means of evaluating Re,. more effectively up to
& ~ 0.8. Moreover, it gives an important clue that in any theoretical
analysis, the dependency of the critical Reynolds number on
eccentricity must be taken to order O(g°) to have a reasonable
representation of the real situation.
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